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Abstract 

We study the semiclassical partition function in the frame work 
of the Morse theory, to clarify the phase factor of the partition 
function and to relate it to the eta invariant of Atiyah. Converting 
physical system with potential into a curved manifold, we exploit 
the Jacobi fields and their corresponding eigenvalue equations 
to be associated with geodesies on the curved manifold and the 
Hamilton- Jacobi theory. 
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Nowadays there have been considerable discussions concerning the topo- 
logical invariants such as the Euler characteristics, the Hopf invariant and 
so on in mathematical physics. Moreover, the eta invariant of Atiyah has 
been for instance studied by Witten in quantum field theory associated with 
the Jones polynomial and knot theory [U and even in hadron physics such 
as the chiral bag model ||. Recently, the Yamabe invariant || |4[] are also 
investigated in general relativity associated with the topology of boundary 
surface of black holes with nontrivial higher genus. 

On the other hand, since Feynman proposed the path integral formal- 
ism in 1948 |J, there have been tremendous developments in quantum field 
theory. Especially, the partition functions in the path integral scheme have 
become crucial in investigating many aspects of recent theoretical physics. 
In fact, Morette studied the partition functions semiclasically long ago, but 
her expression for its phase factor possesses somehow subtleties [[J. 

In this paper we reformulate the semiclassical partition function in the 
frame work of the Morse theory of differential geometry, to clarify the phase 
factor of the partition function and to relate it to the eta invariant of Atiyah 
IU . To do this, we will convert the physical system with potential into a curved 
manifold, on which we will use the Jacobi fields and their corresponding eigen- 
value equations associated with the geodesies on the curved manifold, and 
the Hamilton- Jacobi theory. 

Now we consider a particle in a conserved physical system with constant 
energy E, which consists of the kinetic and potential energies given as T = 
mSijV V'/2 with v l = dx l /d,T and V = V(x l ), respectively. Converting the 
potential energy into curvature of the target manifold, one can obtain action 
of the particle of the form [] 



the curved manifold M, we will use the abstract index notation a, b which can be 
converted into the component notation whenever we wish. Here one notes that, without 
loss of generality, V(x l ) can be chosen to vanish at starting point at t\. See Ref. || for 
the notations and conventions used here as in Eq. (|lo|). 




(1) 



to yield a curved three-dimensional manifold M with metric 



dab — 



m(E-2V) 2 
2(E - V) 



(2) 



1 



which does not have any singularities since the denominator of Eq. (0) is 
positive definite. With the metric g ab in mind, one can define a unique 
covariant derivative V a satisfying V a gbc — 0. 

Now we consider a smooth one-parameter family of curves Cq,(t), param- 
eterized by a proper time r {t\ < r < r 2 ) such that for all a and p,q G M, 
C a {ri) = p, C a {r 2 ) = q, and Cq is a geodesic or a classical path, along which 
a tangent vector field v a satisfies the geodesic equation 

h d 2 x l ^ dx j dx k 

«"vy = ^ + r;,-- = o (3) 

where V a i> b = d a v b + T b ac v c . Let S be a two-dimensional submanifold spanned 
by curves C Q (r) and we choose (r, a) as coordinates of E. The vector fields 
v a = (d/dr) a and w a = (d/da) a are then the tangent to the family of curves 
and the deviation vector representing the displacement to an infinitesimally 
nearby curve, respectively. Here one notes that w a can be always chosen 
orthogonal to v a and vanishes at end-points to yield the boundary conditions, 

tw°(7i) = w a (r 2 ) = 0. (4) 

Since v a and w a are coordinate vector fields, they commute to each other, 

£ vW a = v b V b w a - w b V b v a = 0. (5) 

In the stationary phase approximation where \w a \ is infinitesimally small, 
one can expand the action ([[]) around the geodesic Co 

S = S d + SU[w(t)} + ^[w(t)] + ■ • • , (6) 



where S c i = S\ a=0 is a classical action, and 2 
SW[w(t)\ = r dr w a V a^Vb) 1 ' 2 



n 

T2 dr v b w a V a v b 



n 



2 For simplicity, we will parameterize the curve so that the Lagrangian L is given as 
L = (g a bv a v b ) 1 / 2 = 1 along the geodesic without loss of generality, since the action (|l|) is 
parameterization independent. Here we need to put the condition a = at the end of the 
calculations of S^[w(t)} and S^[w(t)}. 
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= - f 2 dr w b v a V a v b (7) 
S®[w(t)] = - r dr w c V c {w b v d V d v b ) 

J-n 

= - r dr w c w h (y c v d V d v b + v d V c V d v b ) 

= - r dr g ab w a (v c V c (v d V d w b ) + R cde b v c v e w d ) 

Jti 

dr g ij w i A.\w k (8) 

n 



where we have the Sturm-Liouville operator given as 

A'^-^^-^W, (9) 

and we have used Eqs. ([3D - (|5|) and the convention for the Riemann curvature 
tensor for any vector field v a §| 

(V a V 6 - ViV a )« c = -R abd c v d . (10) 
Now we consider a partition function 

Z( g ,7s;p,7i) = J D[a*{T)]e^ r \ (11) 

which, in the stationary phase approximation, contains a widely oscillatory 
integral |], |K| |TT| and is thus given by contributions from the points of 
stationary phase. Here one notes that the stationary points precisely con- 
struct the geodesic, along which the total energy is constant. Since the above 
S^[w(t)] in Eq. (0) vanishes due to the geodesic equation @, by inserting 
Eq. (|(J) into Eq. QTTT) , one can obtain the partition function of the form, 

Z{q,T 2] p,r 1 ) = e^Z^(q,T 2 ;p,n) (12) 
ZWfoTijftn) = / ' D\ W {r)Y s ^^l\ (13) 

Now we define a scalar product 

(w,w') — / dr gijW % (T)w' J (r) (14) 
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to transform the path space of the integral into a Hilbert space which 
is an external product of two spaces: three-dimensional space of the physical 
system and an infinite-dimensional Hilbert space of the continuous scalar 
functions on [ti,T2] vanishing at t% and r 2 . By choosing an orthonormal 
basis {ti^(r)} in this Hilbert space, one can have the deviation vector w 1 (t) 
in terms of superposition of {m^(t)} 

oo 

W \ T ) = J2 flX(r) (15) 

(2=1 

so that, together with Eq. (|I4"D, one can rewrite the second order action (^) 
as follows 

S( 2 »Kr)]=^ V V (16) 

where 



-a/3 



2 dr &XA£^ = (u«, Au/j). (17) 



Now in order to diagonalize the matrix c a p we find an orthonormal basis of 
eigenfunctions {u l a (r)} of the operator A with eigenvalues X a via the following 
eigenvalue equations, which is associated with the Morse theory (12], ^ [13|] and 
is also algebraically treated to compute the semiclassical partition function 



for the secondary Lagrangian WA 



_ j 

d 2 77* 

- A> J Q + A a < = -^f + R kjl l v k v l ui + A Q < = 0, (18) 

with 

<(n) = <(r 2 ) = 0, (1 = 1,2,3). (19) 
With the above eigenvalues and eigenfunctions, one can obtain 

C a /3 = X a (u a ,up) = X a 5 a/3 (20) 

to yield 

S^[w(T)}=J2K(a a ) 2 (21) 

a 

from which one can rewrite the second order partition function ( |13D as follows 

poo 

Z^( q ,r 2 ;p,r 1 ) = Jl[ da a e^ 2 / 2 . (22) 

a=l J -°° 
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Here J is the Jacobian defined as 



D[w(t)} = J H da a 



(23) 



a=l 



and is independent of w(r) due to the linearity of the transformation fll^D , 
so that J can be brought out of the integral symbol. 

By taking the vanishing e limit of the absolutely convergent integral, one 
can obtain 



lim 



da a e i\ a (a a ) 2 /2 e -e(a<*) 2 _ j<K signA a /4 



2tt 



to arrive at 



OO ry 



1/2 



1/2 



(24) 



(25) 



Here note that the phase factor is proportional to J] a signA a , which is asso- 
ciated with the eta invariant of Atiyah |7|, []J 



-lim signA Q |A c 

2 s— >0 



(26) 



Now we relate our geodesic to geodesic of a free particle with the same con- 
stant energy E to obtain a closed form of the absolute value in Eq. (^). Re- 
calling that the Jacobian J remains unchanged for the unitary transformation 
{u a (r)} — > {u a (.T)} HU, for the free particle with the metric §ij = \mE5ij 
which can be obtained from Eq. (pi), one can have the partition function 



ZW(q,T 2 ;p,T 1 ) = Je in ^ »gnA Q /4 JJ 



2tt 



A r 



1/2 



(27) 



whose corresponding eigenvalue equations can be described as 



d 2 ?? 
— - + A u l 



- A^ui + X a ui 



0. 



with 



<(Ti) = V a (T 2 ) = 0, (i = l,2,3). 



(28) 
(29) 
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Combination of Eqs. (|25| ) and ( p7[ ) yields 



sign A a )/4 



lice a c 



1/2 



(30) 



Now we consider a Jacobi equation to express the absolute value of the 
ratio in Eq. flcffll ) in terms of the initial data at the starting point p = x z (ti), 
by introducing a smooth one-parameter family of geodesies 7 q (t) on the 
manifold M. Here one can vary the parameter a G R by infmitesimally 
changing the direction of the initial velocity v l {ri) = dx l /dr(ri) at p, and 
also one can choose a and r as coordinates of a submanifold £ 7 spanned 
by the geodesies 7q-(t) on M. Along the geodesic j , one can have tangent 
vector fields v a and deviation vector field w a which points to an infmitesimally 
nearby geodesic and vanishes at p, namely, w a (Ti) = 0, so that one can 
have the relative acceleration of the displacement to an infmitesimally nearby 
geodesicfj 



a a = v c V c {v°V b w a ) = 
to yield the geodesic deviation equation 



-R. 



bed 



l v b v d w c 



(31) 



v c V c (v b V b w a ) + R, 



bed 



a v b v d w 



c 



d 2 w l D 



+ R 



i„,fc„,m„,,Z 



kirn 



V V w 



0, (32) 



which is also known as a Jacobi equation and its solution w a is named a 
Jacobi field on the geodesic 7 whose tangent is v a . Since the above Jacobi 
equation (|32| ) is a linear differential equation, the Jacobi field w l {r) depends 
linearly on the inertial data w 1 {t\) = p and dw % /At{ti) at the starting point 
p to yield 



w *(t)=TJt)— (n) 



dr 



where 



~d7 



in) = £ ! 
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(33) 



(34) 



differently from Eqs. (0) and (|), one can exploit the fact that all curves involved in 
a a are geodesies, so that one can use the identity w c V c (v b V bV a ) = 0. 
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and T 1 j(t) can be denned asf] 



dx l (r) 



(35) 



Substituting Eq. (|33|) into Eq. (|32|) , one can rewrite the Jacobi equation in 
terms of T l - as 



^ + R^y^s = = o. 

Similarly, for the free particle one can obtain 



d 2 T^. 
dr 2 



-A*,^ = o, 



n) 




o. 


dr (Tl) = 




L- | 


I]) can 


be rewritten as |TJ| 




Aq, 




det T*,(t 2 ) 




n* 






det T^(r 2 ) 





(36) 

(37) 
(38) 

(39) 



On the other hand, the partition function for a free particle is given as [ IB 

1/2 



Z( 2 )(g,r 2 ;p,r 1 ) = (2^)- 3 / 2 



det gijin) 
det T^.(r 2 ) 



(40) 



Using the above results (p9|) and fl40D , the second order partition function 
1U[) can be rewritten as 



ZW(q,T 2 ;p,T 1 ) = (27ri)- 3 / 2 e m £> ignA ^ sign ^ )/4 
to yield 



det gij(n] 



det T l Ar 2 ) 



1/2 



(41) 



Z^(g,r 2 ;p,ri) = (27n)- 3 /V"£> snAQ - signAQ)/4 



det ^y(n 



9x fe (r 2 ) 



1/2 



(42) 



4 Since the coordinates x 1 (t) and the velocity u*(r) = da; l /dr(r) are independent 
variables at the same time, say n, one can easily check that the definition ([35j) satisfies 
Eq. (pi). 
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Now we consider the Hamilton- Jacobi theory fun where classical conju- 
gate momentum pf (r) corresponding to x l {r) in the action (|l]) is given as 

7 . . 9L c i • ci r \ dS c i ,,„, 

rfw = w =9 «*> pAn) = M^ (43) 

from which we can obtain 



9u*(n) 1 9p^(ri) 1 <9 2 S C 



<9^'(t 2 ) gik(n) dxi (t 2 ) 9ik(n) dx k (T 1 )dx^(r 2 ) 



(44) 



to, together with Eqs. (J12D and (|42|) , yield the desired semiclassical partition 
function 

1/2 



det- 



9x*(ri)9a; fc (T2) 



(45) 

where the determinant involved here is known as the Van Vleck determi- 



nant JIB| . Here signA a is easily checked to be positive and signA a could be 
positive or negative, so that the corresponding additional phase factor in the 
semiclassical partition function ((45|) is given by er^^l 2 where M is the num- 
ber of negative eigenvalues, counted with their multiplicity |U| [14]| , of the 
operator A in the eigenvalue equation (pl|) of the Morse theory. 

In conclusion, we have explicitly derived the semiclassical partition func- 
tion in the framework of the Morse theory, where we can introduce the Jacobi 
fields and the Hamilton- Jacobi theory to yield the phase factor of the semi- 
classical partition function associated with the eta invariant of Atiyah. It will 
be interesting, through further investigation, to study conjugate points JT2 
in the framework of this semiclassical approach to differential geometry. 
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